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AFFINIZATIONS AND R-MATRICES FOR QUIVER HECKE 

ALGEBRAS 


MASAKI KASHIWARA AND EUIYONG PARK 

Abstract. We introduce the notion of affinizations and R-matrices for arbitrary 
quiver Hecke algebras. It is shown that they enjoy similar properties to those for 
symmetric quiver Hecke algebras. We next define a duality datum T> and construct 
a tensor functor $' D : Mod gr (R x> ) —> Mod gr (R) between graded module categories 
of quiver Hecke algebras R and R v arising from V. The functor sends finite¬ 
dimensional modules to finite-dimensional modules, and is exact when R? is of finite 
type. It is proved that affinizations of real simple modules and their R-matrices give 
a duality datum. Moreover, the corresponding duality functor sends a simple module 
to a simple module or zero when R? is of finite type. We give several examples of 
the functors from the graded module category of the quiver Hecke algebra of type 
D e , C t , Be_ i, A t -x to that of type A t , A, Be, Be, respectively. 


Introduction 

The quiver Hecke algebras (or Khovanov-Lauda-Rouquier algebras ), introduced by 
Khovanov-Lauda ([13, 14]) and Rouquier ([18]) independently, are Z-graded algebras 
which provide a categorification for the negative half of a quantum group. The algebras 
are a vast generalization of affine Hecke algebras of type A in the direction of cate¬ 
gorification ([1, 18]), and they have special graded quotients, called cyclotomic quiver 
Hecke algebras , which categorify irreducible integrable highest weight modules ([4]). 
When the quiver Hecke algebras are symmetric, we can study them more deeply. 
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• First of all, it is known that the upper global basis corresponds to the set of the 
isomorphism classes of simple modules over symmetric quiver Hecke algebras ([19, 
20 ]). 

• The KLR-type quantum affine Schur-Weyl duality functor was constructed in [5] 
using symmetric quiver Hecke algebras and R-matrices of quantum affine algebras. 
This functor has been studied in various types ([6, 7, 10]). 

The notion of R-matrices for symmetric quiver Hecke algebras was introduced in 
[5]. The R- matrices are special homomorphisms defined by using intertwiners and 
affinizations. ft turned out that the .R-matrices have very good properties with real 
simple modules ([11]). They also had taken an important role as a main tool in studying 
a monoidal categorihcation of quantum cluster algebras ([8, 9]). 

Let us explain the construction of R-matrices in [5] briefly. We assume that the 
quiver Hecke algebra R is symmetric. Let M be an R-module and M z its affinization. 
The R-module M z is isomorphic to k[z] (8>k M as a k-vector space. The actions of e{y) 
and Tj on M z are the same as those on M, but the action of ay on M z is equal to the 
action ay on M added by z (see (1.8)). For R-modules M and N, we next consider the 
homomorphism Rm z ,n, , £ Hom r(M z oN z /,N~ioM z ) given by using intertwiners (see 
(1.7)). Here Hom denotes the non-graded homomorphism space (see (1.5)). We set 


pnorm 

n M 2 ,JV z / 


(z' 


S R 


■M z ,N z n 


y. ._ O 

r M,7V •— 


norm 
M Z ,N ,, 


\ z=z '=0, 


where s is the order of zero of Rm z ,n z ,- Then the morphisms Rm ti % , and r M>N are 
non-zero, commute with the spectral parameters z, z 1 , and satisfy the braid relations. 
Here, in defining M z and r m,n, we crucially use the fact that R is symmetric. 

In this paper, we introduce and investigate the notion of affinizations and R-matrices 
for arbitrary quiver Hecke algebras, and construct a new duality functor between finitely 
generated graded module categories of quiver Hecke algebras. The affinizations defined 
in this paper generalize the affinizations M z for symmetric quiver Hecke algebras. The 
root modules given in [2] are examples of affinizations. 

We then define a tensor functor : Modg^R 15 ) —> Mod gr (R) between graded 
module categories of quiver Hecke algebras R and R v : which arises from a duality 
datum V consisting of certain R-modules and their homomorphisms. This is inspired 
by the KLR-type quantum affine Schur-Weyl duality functor in [5]. The functor 
sends finite-dimensional modules to finite-dimensional modules. It is exact when R v is 
of finite type. We show that affinizations of real simple modules and their R-matrices 
give a duality datum. The corresponding duality functor sends a simple module to a 
simple module or zero when R v is of finite type. 


AFFINIZATIONS AND R-MATRICES FOR QUIVER HECKE ALGEBRAS 


3 


Here is a brief description of our work. Let R(/3) be an arbitrary quiver Hecke 
algebra. We define an affinization (M,£m) of a simple /f(/3)-module M to be an R((3)- 
module M with a homogeneous endomorphism zm € Erid^(M) and an isomorphism 
M/^mM ~ M satisfying the conditions in Dehnition 2.2. However, we do not know if 
every simple modules admits an affinization. 

We then study the endomorphism rings of affinizations and the homomorphism 
spaces between convolution products of simple modules and their affinizations. For a 
non-zero /?-module N, let s be the largest integer such that -Rm,a(M °N) C 4^°M. 
We set 

G = MoiV^iVoM, 

and denote by ry : MoN —y NoM the homomorphism induced by R^n- By the 
dehnition r - never vanishes. The /?-matrix ry has similar properties to matrices 
for symmetric quiver Hecke algebras (Proposition 2.10). Proposition 2.12 tells us that, 
if (M.zm) and (N,zn) are affinization of simple modules M and N and one of M and 
N is real (see (2.7)), then 

(i) Hom r[wn ](MoN,MoN) = k[^ M , £i\i] id M oNj 

(ii) Hom R [ 2 MjZn ](Mo N, NoM) is a free k[zM, zn]- module of rank one. 

Here, Hom denotes the space of non-graded homomorphisms (see (1.5)). We define 
as a generator of the k[z M , z N ]-module Hom K [ 2 MjZn ](MoN,NoM). Then 7?^°™ 
commutes with zu and On by the construction, and we prove that 7 ?m °™| 2m=2n=0 G 
HOM(MoiV, NoM ) does not vanish and coincides with r - ^ up to a constant multiple 
in Theorem 2.13. 

We next define the duality datum V = {/3j,Mj,Zj, iq, R j,k}j,keJ axiomatically. Here, 
J is a hnite index set, and 

Mj G Mod gr (i?(/3j)), Zj G END R(ft . ) (M j ), 

r j G End RQwiMj o Mj), R hk e Hom m+ p k) (Mj o M k , M k o Mj), 

satisfying certain conditions given in Dehnition 4.1. We construct the generalized 
Cartan matrix A 27 and the polynomial parameters Qfj(u,v) out of the duality datum 
T> and consider the quiver Hecke algebra R v corresponding to A D and Qfj(u,v). For 
7 6 Q+ with m = lit ( 7 ), we define 

A C ( 7 ) := © K’ 

neJi 

where 

A M : = ° ■ ■ ■ oM nm for A = (Ai, 1*2, ■ ■ ■, Am) G J 7 . 
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It turns out that A 13 ( 7 ) has an (R, i? x ’)-bimodule structure (Theorem 4.2), and we 
obtain the duality functor : Mod gr (i? x> ) -A- Mod gr (i?) by tensoring A p ( 7 ). Theorem 
4.3 tells that is a tensor functor and sends finite-dimensional modules to finite¬ 
dimensional modules. Moreover it is exact when A r is of finite type. Affinizations of 
real simple modules and their .R-matrices provide a duality functor which enjoys extra 
good properties (Theorem 4.4). 

Several examples of duality functors $ v are given in Sections 5 and 6 . In Example 
5.2, we construct a duality functor from the graded module category of the quiver 
Hecke algebra of type Dp to that of type Ap. The other examples are in non-symmetric 
cases. We discuss a duality functor from type Cp to type Ap in Example 6.2, and ones 
from types Bp _i and Ap_i to type Bp in Examples 6.3 and 6.4. 

Acknowledgments. The authors would like to thank Myungho Kim for fruitful dis¬ 
cussions. 


1. Preliminaries 

1.1. Quantum groups. Let / be an index set. 

Definition 1.1. A Cartan datum is a quadruple (A, P, II, II V , (-,-)) consisting of 

(a) a free abelian group P, called the weight lattice, 

(b) n = {dj | i G 1} C P. called the set of simple roots, 

(c) II V = {hi | i G 1} C P v := Hom(P,Z), called the set of simple coroots, 

(d) (•, •) is a Q-valued symmetric bilinear form on P, which satisfies 

(1) (cni, af) G 2Z >0 for any i G /, 

(2) (hi, A) = } for any i G land A G P, 

\Oti-, OLi) 

(3) A :=({hi,aj))i : is a generalized Cartan matrix, i.e., (hp, af) = 2 for any i G / 
and (hi, af) G Z< 0 if i j- j, 

(4) II is a linearly independent set, 

(5) for each i G I, there exists A* G P such that (hj,Ai) = Sij for any j G I. 

Let us write Q = ® ie/ Zcq and Q+ = o a i- For {5 = e Q+> set 

ht(/3) = Yhiei ^i- The Weyl group W associated with the Cartan datum is the subgroup 
of Aut(P) generated by the reflections {ri} i£ j defined by 

r*(A) = A — (hi, A )aj for A G P. 

Let g be the Kac-Moody algebra associated with a Cartan datum (A, P, II, II V , (■, •)) 
and $_)_ the set of positive roots of g. We denote by U q (g) the corresponding quantum 
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group, which is an associative algebra over Q (q) generated by e;, f t {i G I) and q h 
(h G P v ) with certain defining relations (see [3, Chap. 3] for details). Set A = Z [q, q~ 1 }. 
We denote by U^(g) the subalgebra of U q (g) generated by /:= /”/[n]! for i G / 
and n G Z> 0 , where g* = g( Qi ’ ai )/ 2 and 


n i = 


Qi ~ Qi 


Qi ~ <li 


-l > 


Tl = 


m- 


k =1 


1.2. Quiver Hecke algebras. Let k be a field. For i,j G /, we take polynomials 
Qij(u,v) G k[u,u] such that 

(i) Qi,j(u, v) = Q jti (v,u), and 

(ii) it is of the form 


(1.1) Q iJ ( u ,v) = 


^22(a i ,a j )+ P (a i ,a i )+q(a j ,a j )=0 %3\P,q uVv<1 ^ * 7 ^ F 

0 if i = j, 


where 0 G k x . We set 


( 1 . 2 ) 




u — w 


For fi G Q+ with ht(/3) = n, set 


I !i ■= Y = (u u . . ., i/ n ) G J n I a "k = ■ 

The symmetric group & n = (s*, | k = 1,..., n — 1) acts on I' j by place permutations. 

Definition 1.2. For fi G Q + , the quiver Hecke algebra R((3) associated with A and 
{Qi t j(u,v))i t j e j is the k-algebra generated by 

{e(u) | v G -T 3 } , {xk | 1 < k < n}, {ri | 1 < l < n — 1} 


satisfying the following defining relations: 
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e{v)e{v') = 8 u ye(u), ^ e(u) = 1, x k e(y) = e(u)x k , x k x t = x t x k , 

V&IP 

Tie(u) = e(si(u))n, T k Ti = TiT k if \k-l\> 1, 

r fc 2 e(i/) = Q Uk ,u k+1 (x k ,x k+1 )e(u), 

( -e(is) if l = k and v k = u k+1 , 

( r k xi - x Sk{ i)T k )e{v) = < e(v) if l = k + 1 and v k = v k+1 , 

\ 0 otherwise, 

( P~k +1 T P~k +1 Pfc , Pfe+l , Pfe)f'(p) 

f Qu k ,u k+1 {x k ,x k+1 ,x k+2 )e(u) ifv k = v k + 2 , 

\ 0 otherwise. 

The algebra R(/3) has the Z-graded algebra structure given by 

(1.4) deg(e(p)) = 0, deg(x k e(v)) = (a Vk ,a„ k ), deg (ne(u)) = ~(a Ul , a Ul+1 ). 

For f3 G Q + , let us denote by Mod(i?(/3)) the category of /?,(/3)-modules and by 
R(/3 )~mod the category of hnite-dimensional /?,(/9)-modules. 

We denote by Mod gr (i?(,9)) the category of graded R(/3 )-modules and by i?(/3)-gmod 
the category of finite-dimensional graded /?,(/9)-modules. We denote by Modf g (/?(/?)) 
the full subcategory of Mod gr (i?(/3)) consisting of finitely generated graded R(/3)- 
modules. Their morphisms are homogeneous of degree zero. Hence, Mod(/?(/?)), 
i?(/3)-mod, Mod gr (i?(/3)), /f(/3)-gmod and Modf g (/?(/?)) are abelian categories. We 

set Mod gr (i?) := 0 Mod gr (i?(/3)), i?-mod := 0 R(f3)~ mod, etc. The objects of 
/3eQ+ /3eQ+ 

Mod gr (i?) are sometimes simply called .R-modules. 

We denote by R(/3)-proj the full subcategory of Mod gr (R(/3)) consisting of finitely 
generated projective graded R(/3)- modules. 

Let us denote by q the grading shift functor, i.e., ( qM) k = M k _i for a graded module 

M = (B k £Z M k- 

For v G P 3 and u' G I ,s , let e{y, z/) be the idempotent corresponding to the concate¬ 
nation v * v' of v and v', and set 

e(/3,/?') : = e ( v ,v'). 

v&ipy&ip' 
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For an R(/3)-module M and an R(/3 ')-module N, we define an R(/3 + /^-module MoN 
by 

MoN := R(P + P')e(P,P') {M®N). 

We denote by MoN the head of MoN. 

For a graded /?(/?)-module M, the q-character of M is defined by 

ch q (M) ■= ^ dim q (e{y)M)v, 

Here, dirri^ V := dim(I4)g fc for a graded vector space V = © fceZ 14. It is well 

defined whenever dim 14 < oo for all k G Z. 

For j £ /, let L{a.i) be the simple graded /?,(«*) -module such that ch ,L(«i) = (i). 
For simplicity, we write L(i) for L{oif) if there is no confusion. 

For graded R(/3)- modules M and N, let Hom^)(M, N) be the space of morphisms 
in Modgj.(R(P)), i.e. the k-vector space of homogeneous homomorphisms of degree 0, 
and set 

(1.5) HoMjt(j 3 )(M, N) = (J) HoM^( J a)(M, N) k 

kez with HOM m {M, N) k := Horn m (q k M, N). 

We write End R (^)(M) for HOM r ^(M, M). When / 6 Horn R ^(q k M,N), we denote 

deg(/) := k. 

For simplicity, we write ¥Lom r (M, N) for ¥Lom r ^)(M, N) if there is no confusion. 

We write [R-proj] and [R-grnod] for the (split) Grothendieck group of R-proj and the 
Grothendieck group of .R-gmod. Then, the Z-grading gives a Z [q, g _1 ]-module structure 
on [R-proj] and [R-gmod], and the convolution gives an algebra structure. 

Theorem 1.3 ([13, 14, 18]). There exist algebra isomorphisms 

[R-proj] ~ U^(g), [.R-gmod] ~ A g (g + ). 

Here, H g (g + ) := {a e U~(g) | (a, U^(g)) C A}, where (•, •) is the non-degenerate 
symmetric bilinear form on U~(g) defined in [12]. Note that A g (g + ) is an A-subalgebra 
of UX(g) (cf. [9] where A^g 4- ) is denoted by A g (n) z[ 9 ±i]). 

Definition 1.4. Let c be a Z-valued skew-symmetric bilinear form on Q. If we rede¬ 
fine deg (rie(u)) to be — (a Ul , cx Vl+1 ) — c(a Vl ,a Vl+1 ), then it gives a well-defined Z-graded 
algebra structure on R(/3). We denote by R C {P) the Z-graded algebra thus defined. 

The usual grading (1.4) is a special case of such a Z-grading. 

We define R c (4)-gmod, l? c -gmod, etc., similarly. 


MASAKI KASHIWARA AND EUIYONG PARK 


Let us denote by Mod gr (i? c (/3))[g 1//2 ] the category of (|Z)-graded modules over R c (/3 ) 
For v E F 3 we set 

H W) = 2 c Ka 5 «^)- 

l<a<6<ht(/3) 

Lemma 1.5. For /3 E Q+ and M E Mod gr (i?(/3))[g 1//2 ], set 

{K c (M)) n = © e(y)M n _ H{v) . 

Then we have 

(i) K c is an equivalence of categories from Mod gr (i?(/3))[g 1 / 2 ] to Mod gr (i? c ( / 3))[g 1 / 2 ] 

(ii) For M E Mod gr (i?(/3))[g 1 / 2 ] and N E Mod gr (-R( 7 ))[g 1//2 ], we have 

K c (MoN) ~ q^<^K c (M)oK c (N). 

Proof, (i) We have 

T k e(iy)(K c (M)) n = T k e(y)M n _ H{v) 

C e.( K s k v)M n _H^_^ avk ^ k ^ 

- e(sfcp) (ifc(M)) n _ H (y)_( avk ,a „ k+1 )+ H (s k v )' 

Then (i) follows from 

H(s k is) — H{u) = — (c(ci' i/fc+1 , ai Uk ) — c(cx Uk , m I/fc+1 )) = — c(a Ukl a J/fc+1 ). 

(ii) For v E F 3 and /i G I 7 , we have 

e{y)K c (M) a ® e(n)K c (N) b = e(v)M a _ H{u) <g> e(/a)N b _ HM 

C e(u * fi) (M o N) a+b _ H ^' j _ H ^ fl ' j 
= e{u * fi)K c (MoN) a+b 

Since 

H(v *n)~ H{v) - H{n) = ^c(/3, 7 ), 

we have 

K c (M) a ®K c (N) b c ^ c (MoAT) a+t+ , c(A7) . 

Therefore we have 

K c (M) a ®K c (N) b > (g-5 c ^)iF c (MofV)) Q+b , 
which induces an isomorphism 

K C (M) o K C (N) ^ q-^< p ^K c (MoN). 
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□ 

We define the algebra C/^(g) c as Z[g ±:L / 2 ] ®z[ q ±i] t/^(g) with the new multiplication 
° c given by 

a o c b = q-^’^ab for a E Z[g ±i/2 ] ® Z [ g ±i] t/^(g) Q and b G Z[g ±1/2 ] ® z[9 ±i] 

We define A g (g + ) c similarly. 

Corollary 1.6. There is a X[q ±L ^ 2 ]-algebra isomorphism 

fc- 4?(g + )c -^Z[q ±3/2 ] ® [P c -gmod]. 

1.3. Remark on parity. Under hypothesis (d) (1) in Definition 1.1, the category 
Mod gr (i?(,3)) is divided into two parts according to the parity of degrees for any /3 E Q + . 

Lemma 1.7. Let f3 E Q + . Then there exists a map 

S: I p —¥ Z/2Z 

such that 

S(s k u) = S(u) + (a Uk ,a Uk+1 ) 
for any v E T 3 and any integer k with 1 < k < ht(/3). 

Proof. Set n = lit(/3). Let us choose a total order -< on /. Then we set 

S ( u )'-= ( a ^> a n)' 

1 <a<b<n, v a ^Vb 

Then we have 

S(s k v) = S 0) + (S(u k+ 1 -< v k ) - S(u k -< v k+1 ))(a Vk ,a„ k+1 ) 

= S(u) + (l - S(v k = u fc+ i ))(a Uk ,a Uk+1 ) = S(v) + (a„ k ,a„ k+1 ) mod 2. 
Here, for a statement P, we set S(P) to be 1 if P is true and 0 if P is false. □ 

Proposition 1.8. Let (3 e Q+ and S: I 13 —> Z/2Z be as in Lemma 1.7. Let 
Mod gr (P(/3))' s be the full subcategory of Mod gr (R(/3)) consisting of graded R((3)-modules 
M such that e(y)M k = 0 for any v E V 3 and k = S(u) + 1 mod2. Then we have 

Mod gr (P(/3)) ^ Mod gr (P(/3)) s 0 q Mod gr (P(/3)) s . 

Proof. For any graded P(/3)-module M and £ = 0,1 set 

M £ := © e{y)M k . 

isgP, fcez, 
k=S(is)-\-£ mod 2 
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Then, we can see easily that they are /?,(/?)-subrnodules of M and M = M°0M 1 . 
Moreover, we have M £ E q e Mod gr (R(f3)) s . □ 

Note that q 2 Mod gr (i?(/3))‘ s = Mod gr (R(/3)) s and 

(1.6) HoM m (M,N) k = 0 if k is odd and M, N E Mod gr (R(f3)) s . 


1.4. i?-matrices. Let f3 E Q + and m = lit (/3). For k = 1,... ,m — 1 and v E Ffi the 
intertwiner tp k E R(/3) is defined by 


ip k e{v) 


(■ T k x k - x k r k )e(u) if v k = v k+1 , 

r k e(u) otherwise. 


Lemma 1.9 ([5, Lem. 1.3.1]). 

(i) <Pk e ( u ) = (Qu h , Vk+ 1 {x k ,x k+1 ) + S„ k ,v k+ 1 )e(v). 

(ii) {tp k }i< k <m-i satisfies the braid relation. 

(iii) For a reduced expression w = ■ ■ ■ Si t E & m , let ip w — ■ ■ ■ <fi t . Then ip w does 

not depend on the choice of reduced expressions ofw. 

(iv) For w E & m and 1 < k < m, we have (p w x k = x w ( k )(p w . 

(v) For w E & m and 1 < k < m, if w{k + 1) = w(k) + 1, then <p w r k = r w ( k )(p w . 

(vi) ip w -up w e{y) = n a<6 , w ( a ) >w (b)(Q^ b (xa,x b ) + b )e(v). 


For m,n E Z> 0 , let w[m,n ] be the element of & m +n defined by 


w[m, n](k) 


k + n if 1 < k < m, 
k — m if m < k < m + n. 


Let M be an i?(/3)-module with ht(/3) = m and N an i?(/3 / )-module with ht(/3') = n. 
The R((3) <£) -R(/3')-linear map M ® N —* No M given by u ® v H y (p w [ n _ m -\(v <g> u ) can 
be extended to the R(/3 + /T)-modnle homomorphism 


(1.7) Rm,n ■ MoN —> NoM. 

For /3 = Jffk=i a i k i we set supp(/3) := {4 | 1 < k < m}. 


Definition 1.10. The quiver Hecke algebra R(/3) is said to be symmetric if Qij(u,v) 
is a polynomial in u — v for all i,j E supp(/3). 


Suppose that R(/3) is symmetric. Let z be an indeterminate. For an /?,(/3)-module 
M, we define an 7?,(/9)-module structure on M z : = k[z] <g) k M by 

e(v){a ®u) = a® e(v)u, xfia ®u) = ( za ) <S> u + a <g) XjU, 
r k (a <g) u) = a® ( r k u ), 


( 1 . 8 ) 
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for v G I n , a G k[z] and u G M. We call M z the affinization of M. For a non¬ 
zero /?(/?)-module M and a non-zero ^(/^-rnodule N, let s be the order of zeros of 
Rm z ,n z , ■ M z oN z > —> N z > o M z , and 


RZTn z , ■■= {z'-z)- s r M z , Nz ,. 
We define i ?m,n '■ MoN —> No M by 

_ _nnorm I 

r M,7V •— ^M Z ,N z t \z=z'=0- 


We put i?(/3)[^!,..., Zk] := k[zi,..., Zk]®uR(/3) ■ For simplicity, we write R[z \,..., z^] 
for R(/3)[z \,..., Zk] if there is no afraid of confusion. 

Theorem 1.11 ([5, Section 1]). Suppose that R((3) and R((3') are symmetric. Let M 
be a non-zero R(/3)-module and N a non-zero R{f3')-module. 

(i) RmI^n , an d t m,n are non-zero. 

(ii) R^Tn , and tm,n satisfy the braid relations. 

(iii) Set 



Then, A is in the center of R(/3) <g) R(/3 r ), and 

Rn z ,,m z Rm z ,n z , (u®v) = A(u <g> v) 

for u G M z and v G N z i. 

(iv) If M and N are simple modules, then 

End r(/3+/ 3, m (M 2 oAF') ^ k [z,z'], 



2. Affinization 


2.1. Definition of affinization. 

Definition 2.1. For any i G I and /3 G Q+ with ht(/3) = m, we set 



where [1, m} = {1, 2,..., m}. 

Note that belongs to the center of R((3). If there is no afraid of confusion, we 
simply write p, for p^. 
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Definition 2.2. Let (3 G Q+ and M a simple R((3)-module. An affinization M : = 
(M,2 m) of M is an R(/3)-module M with an injective homogeneous endomorphism zu 
of M of degree dy\ G Z >0 and an isomorphism M/^mM M satisfying the following 

conditions'. 

(a) M is a finitely generated free module over the polynomial ring k[^ M ]? 

(b) p, M ^ 0 for any i G I. 

If it satisfies moreover the following additional condition, we say that M is a strong 
affinization: 

(c) the exact sequence 0 — > zmM/z^M — y M/4M —* M/zmM — > 0 of R{/3)-modules 
does not split. 

We say that an affinization is even if d^ is even. 

Let us denote by 7 Tm : M -» M the composition M -» M/zm M M. 

Remark 2.3. 

(i) Condition (a) is equivalent to the condition 

(a’) The degree of M is bounded from below, that is, M n = 0 for n <C 0. 
Moreover, under these equivalent conditions, we have 

ch,(M) = (1 -q dM )~ l ch q (M). 

Note that a finitely generated R- module M satisfies the condition (a’). 

(ii) The non-splitness condition (c) is equivalent to saying that M/^ M is a unique 
proper i?(/3)-submodule of M/xr^M. 

(iii) If R(/3) is a symmetric quiver Hecke algebra, then M z is a strong affinization of 
any simple /?,(/3)-module M for f3 f 0. 

Example 2.4. (i) For i G /, M :=L(i) z oL{i) is not an affinization of M:—L(i)oL(i) 

In fact, conditions (a) and (c) in Definition 2.2 hold but condition (b) does not. 
(ii) Let (M,£m) he an affinization of M. Assume that o?m = ab for a,b G Z >0 and let 
z be an indeterminate of homogeneous degree b. Let k[^M] H > k[z] be the algebra 
homomorphism given by zu eG z a . Then (k[z] ®k[z M ] M. z) is an affinization of 
M. If a > 1 then it is never a strong affinization, because 

(k[xi] ® U)/(z a \s[z\ ® M) ~ (k[z\/k[z\z a )®M 
k[z M ] k[2 M ] k 

is a semisimple A(/3)-module. 

As seen in the proposition below, every affinization is essentially even. 
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Proposition 2.5. Let (M.zm) be an affinization of a simple module M. Assume that 
the homogeneous degree d m of zu is odd. Then there exists an R(/3) -submodule M' of 
M such that 

(i) zlpfA' C M', and (M', z^f) is an affinization of M, 

(ii) M ~ k [z M ] <S ) k[ ~2 j M' as an R(/3)[z M ]-module. 

Proof. Let Mod gr (i?(/3)) ~ Mod gr (i?(/3)) 5 0 qMod gT (R(/3)) s be the decomposition in 
Proposition 1.8. We may assume that M belongs to Mod gr (i?(/l))' s . Let M = M'0 M" 
be the decomposition with IVT G Mod gr (i?(/3)) s ' and M" G gMod gr (i?(/3)) s '. Then 
C M" and C M' by (1.6). Hence, we have the decomposition 

M/z m M = (M7^ m M /, )©(M7^ m M , ) ) 

which implies that ~ M and M" = zu M'. Thus we obtain the desired 

result. □ 


2.2. Strong affinization. Note that Lemmas 2.6 and 2.7 below hold without assump¬ 
tion (b) in Definition 2.2. 


Lemma 2.6. Assume that 

{ j3 G Q+ and (M, zm) is a strong affinization of a simple R(/3)-module M, 
has homogeneous degree d m G Z >0) and 7r M : M —>• M is a canonical 
projection. 

(i) The head of the R-module M is isomorphic to M, or equivalently ^mM is a unique 
maximal R(/3)-module. 

(ii) Let s := min {m G Z | M m f 0}, and u a non-zero element of M s . Then, M = 
R(/3)u. 

(hi) End r(/3 )(M) ~ k [z M ] id M . 

Proof, (i) Let S' be a simple module and (p: M —>■ S be an epimorphism. By consider¬ 
ation of the homogeneous degree, we may assume that <77/|M) = 0 for k 0. Let us 
take k > 0 such that <70M) = S and <^7 m + 1 M) = 0. Since ~ M/^ m M is 

simple, p> induces an isomorphism If is enough to show that k = 0. 

If k > 0 then we have a commutative diagram 



0 . 


4 _1 m/4m 
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Hence the first row of the above diagram is a split exact sequence, which contradicts 
Definition 2.2 (c). 

(ii) Since ii ^ (i) implies that M = R(f3)u. 

(iii) Let / G End#^) (M) be a homogeneous endomorphism of degree £. Assume that 
/(M) C for k G Z> 0 . We shall show / G k[z M ] id M by the descending induction 
on k. If dy\k > £, then / should be 0 since f[u ) ^ if f[u) ^ 0. Here u is as in (ii). 

— z ~ k f IT ~ 

Suppose that d^k < £. As M is the head of M, the composition M — 1 -—» M M 
decomposes as M -^b- M —y M. Hence the composition must be equal to c7Tm for some 
c G k, which yields 

(z M k f ~ cid M )(M) C z m M. 

Therefore, we have (/ — cz^)(M) C ^ + 1 M. and the induction proceeds. □ 

2.3. Normalized R-matrices. 

Lemma 2.7. Assume that 

{ (3 G Q + and (M. ^m) is an affinization of a simple R(f3)-module M, 
has homogeneous degree d M G Z >0 , and 7 t m : M —> M is a canonical 
projection. 

(i) End r(/3)[ , m] ( M) ~ k[c M ] idM ■ 

(ii) For any i G I, there exist Ci G k x and di G Z> 0 such that pJm = c i z u ■ 

Proof, (i) The proof is similar to that of Lemma 2.6 (iii). Let / G End^^^M) be a 
homogeneous endomorphism of degree £. Suppose that /(M) C for k G Z> 0 . We 
shall show / G k^] by the descending induction on k. 

We have / = 0 if dy\k > £ by the degree consideration. If duk < £, then the 
endomorphism zfjf f induces an endomorphism of M. Hence it must be equal to cid^j 
for some c G k. Then (/ — c^)(M) C £^ + 1 M, and the induction proceeds. 

(ii) The assertion follows from (i) immediately. □ 

Lemma 2.8. Let (3, M and M be as in (2.3) wea k- Assume further that (3 0. Then M 

is a finitely generated R ((3)-module. 

Proof. Since (3 ^ 0, there exists i E I such that p i /3 has a positive degree. Then there 
exists m > 0 such that z'ff G Mp^Im) C End^(M). Since M is finitely generated over 
k[-^M], we obtain the desired result. □ 

Lemma 2.9. Let j3, M and M be as in (2.3) wea k. Let 7 G Q+ and N G i?( 7 )-gmod. 

(i) The homomorphisms 

r m p-RW M^oiVGiVoM^ 1 ] andR NM[z - 1 ,: IVoM^ 1 ] -A M^joJV 
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are isomorphisms. Here, M^ 1 ] = k^M,-^ 1 ] <§5kp M ] M. 

(ii) If N is a simple module, there exist c G k x and d e Z > 0 such that Rn.m° Rm,n = 
c{ z m°N) and R m ,n°Rn ,m = c(Noz^). 

Proof, (i) is an immediate consequence of (ii). Let us show (ii). Set m = ht(/3) and 
n = ht( 7 ). Then, (Rn,m°Rm,n)\m®n is given by 

( II Qu aiVb (Xa,Xb))e(v). 

v(zlP +7 l<a<m<b<n , v a ^Vb 

Since any element in the center of A ( 7 ) with positive degree acts by zero on N, it is 
equal to 

( II 6 (x a , 0 ))e(^). 

1 <a<m<b<n, Va^Vb 

Hence it is equal to a product of p^Im’s up to a constant multiple. Hence Lemma 2.7 
(ii) implies the desired result. □ 

Let M and M be as in (2.3) wea k, and let N 6 A-gmod be a non-zero module. Let s 
be the largest integer such that Rm.n{Mo N) C ^iVoM. Then we set 

R^ = Zm s Rm,n-. MoiV -A iVoM. 

We denote by 

r.-_ ■ MoN —y NoM 

M,N 

the homomorphism induced by 7?^°™ • By the definition, r - never vanishes. We set 
R^*n — 0, and v = 0 when N — 0. 

We define -R^m 1 an d r v m s i m il ar ly- 

The arguments in [ 8 , 9, 11] still work well under these assumptions, and we obtain 
similar results. We list some of them without repeating the proof. A simple module S 
is called real if S o S is simple. 


Proposition 2.10 ([11, Th. 3.2, Prop. 3.8], [9, Prop. 4.5], [8, Cor. 3.2]). Assume that 

, . J (a) M and N are simple R-modules, 

| (b) one of them is real simple and also admits an affinization. 

(i) MoN has a simple head and a simple socle. Moreover, Im(r ) is equal to the 
head of MoN and the socle of NoM. 

(ii) We have 


Hom r (Mo N, Mo iV) — k id^oN 
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and 

Rom r (MoN,NoM) = k r MJV . 

(iii) MoN appears only once in a Jordan-Holder series of MoN in A-mod. 

Proposition 2.11. Let M and M be as in (2.3) wea k) and let N be a simple R-module. 
Assume that M is real. Then we have 

(i) 

(2.5) Hom R [ 2m j(M oN, MoN) = k[^ M ] idMoiv 
and 

(2.6) HoM R [ 2|vl ](A r o M, IVo M) = k[z M ] id^oM • 

(ii) Hom#[ 2m ](M oN, No M) and HoMr[ 2m ](IVo M. MoN) are free k[zM\ -modules of 
rank one. 

Proof, (i) Let us first show (2.5). The idea for the proof is similar to that of Lemma 
2.6 (iii). 

Let / £ Hom#[ 2m ](Mo iV, MoiV) of homogeneous degree l. We know that /(MoiV) C 
M o IV for some s £ Z> 0 . We shall show / £ k[o M ] id Mo w by the descending induction 
on s. If s 0, then / should be zero by the degree consideration. Now, we consider 
z^f. As z^ s f induces an endomorphism of MoN, by Proposition 2.10 (ii), it is equal 
to cid A y oJV for c £ k. Hence we have 

(/-c4)(MojV)c4 +1 Mo7V. 

Thus, the induction hypothesis implies that / — cz^ G k[zivi] idy/ow- The proof of (2.6) 
is similar. 

(ii) By Lemma 2.9, we have an A! [zm]- linear monomorphism JVoM >—► MoiV. Hence 
we have 

Hom r[2m] (M oiV, IVo M) >-*• HoM/j[ 2m ](MoIV, MoiV) ~ k [z M ]. 

As Hom^[ 2m ](M oiV, iVo M) is non-zero, Hom#[ 2m ] (M oIV, iVo M) is a free k^Mj-module 
of rank one. □ 

Proposition 2.12. We assume that 

{ (a) (M,zm) and (N,on) are affinizations of simple modules M and N, 
respectively, 

(b) one of M and N is real. 


Then we have 
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(i) Hom r[wn ](MoN,MoN) = k[* M j *n] id M oN ? 

(ii) Hom r[ 2 Mi , n] (MoN,NoM) is a free k[zM, z^]-module of rank one. 

Proof, (i) Assume that M is real simple. The other case can be proved similarly. 

Let / be a homogeneous element of HoM fi [ ZMi2N j(MoN, MoN) of degree t. Assuming 
that Im(/) C 4(MoN), we shall show / G k[,s M , 2 : N ] id Mo N by the descending induction 
on k. If k 0, then / should be zero by the homogeneous-degree consideration. We 
now consider z N k f. The R[zm, 2n]- linear homomorphism z N k f \ MoN —> MoN induces 
an J2 [zm]- linear homomorphism MoA —> Mo N. By Proposition 2.11, it is equal to 
<^(zm) id MoJ v for some ip{zu) G k[o M ], Hence we have 

Im(/ - ZnV^m) id M oi\i) C 4 +1 M°N. 

which implies 

/ - z^ip(z M ) id Mo N e k[z M> Zh] id MoN 
by the induction hypothesis. 

(ii) An injective morphism Am,n : N o M >—>■ MoN induces an injective homomorphism 

Hom r[ 2 Mi 2 n] (MoN, NoM) >-» Hom K [ 2 Mi 2 n j(MoN. MoN) ~ k[zM,Zi\i]- 

Since the non-zero k[^M, £i\i]-module L := Hom K [ 2 MiZn ](MoN, NoM) satisfies the condi¬ 
tion: 

if non-zero elements a,b G k[zM,*i\i] are prime to each other, then we have 
aL DbL = abL , 

we conclude that L is a free k[z M , ^[©module of rank one. □ 

We define as a generator of the k[^ M , ©-module , 2 n ](MoN, No M). It 

is uniquely determined up to a constant multiple. We call it a normalized R-matrix. 

Theorem 2.13. Assume (2.7). Then, /?.' r ( 1 or r j I1 | 2M = 2N= o: MoN —> NoM does not vanish 
and is equal to r- f - up to a constant multiple. 

Proof. Since any simple A-module is absolutely simple, we may assume that the base 
field k is algebraically closed without loss of generality. 

By Proposition 2.10 (ii), we have 

(2.8) HoM B (MoJV,iVoM) = kr^ 

for a non-zero ^ G HoMjj(Mo N, NoM). Let £ be the homogeneous degree of 

For a G Z, let k[zM,©a be the homogeneous part of k©,© of degree a and set 
k©i,©>a = © k[^Mj -2 -n] fc• Let c G Z be the largest integer such that 

k>a 


W M °N) C% m ,.~n]>c(NoM). 
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Then -R 1 ^ 0 ™ induces a non-zero map 

ip\ MoN —» ^k[z M , z n ]> c (N oM)j/^k[z M , 2 N ]> c+ i(N o M)j. 

Since NoM is a free k[^ M , ^i\i]-modmle, we have 

(k[zM, ^n]> c (NoM))/(k[sM, 2 N ]> c +i(N°M)) ~ k[z M ,z N \ c ®(NoM). 

By (2.8), there exists a non-zero /(*M)Zn) G k[^ M , 2 N ] c such that 

<p(u) = f(z M ,z N )r MR (u) for any u G MoN. 

Hence, the homogeneous degree of is equal to c + £, and 

^7( MoN )C/(2M,2N)(NoM) + k[ ZM , ZN ]> c+1 (NoM). 

Let us show that f(zu,zn) is a constant function (i.e., c = 0). Assuming that c > 0, 
let us take a prime divisor a(zM,2i\i) °f /(-Smj~n)- Let (x,y) be an arbitrary point 
of k 2 such that a(x, y) = 0. Let d m and g?n be the homogeneous degree of zu and 
zn, respectively, and let z be an indeterminate of homogeneous degree one. Then 
a(xz dM ,yz dN ) = f(xz dM ,yz dN ) = 0. Let k[^ M ,^ N ] —y k[z] be the map obtained by the 
substitution zu = xz du and cn = yz dn . Set 

K = k[z\ <8> (MoN), K' = k[z] <8> (NoM), R' = k[z\ (8) R^. 

k[zM,2N] k[2 M ,Z|\|] k[2 M ,ZN] 

Then we obtain the map 

R': K -A z c+1 K'. 

Note that K/zK ~ MoN and K'/zK' ~ NoM. We shall show R'(K ) C z k K' for 
any k > c + 1 by induction on k. Assume that k > c + 1 and R'(K ) C z k K'. Then 
the morphism MoN —> NoM induced by z~ k R' is equal to b r - ^ for some b G k. 
If 6 7 ^ 0, then the homogeneous degree of R' is equal to k + £ > c + £, which is a 
contradiction. Thus 6 = 0 and R'(K) C z k+l K'. Hence the induction proceeds, and 
we conclude that 

p norm i _ rv 

Jl M.N \z M =xz d M,zn=yz dN U 

for any (x, ?/) G k 2 such that a(x,y ) = 0, which implies A^ 11 is divided by o(zm,.zn)- 
This is a contradiction. 

Therefore / is a constant function, and induces r - ^ (up to a constant multi¬ 
ple) after the specialization = 0. □ 

Corollary 2.14. Assume (2.7). If M is real, then R^^\ Zn=0 = (up to a constant 

multiple). 
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Lemma 2.15. Assume (2.7). Then there exists a homogeneous element /(z M , £n) such 
that 

(i) i^M m O 7?--™ = f( ZM , z N ) id Mo N and R^' o R™™ = f(z M , z N ) id NoM; 

(ii) f (*Mi 0) and f(0,Zfi) are non-zero. 

Proof. It follows from Proposition 2.12, Corollary 2.14 and Lemma 2.9. □ 

Lemma 2.16. Let (M,zm) and (N,zn) be affinizations of simple modules M and N, 
respectively. Assume that either M or N is real, and MoN ~ NoM. Let d be a 
common divisor of the homogeneous degree d M of zm and d n, that of z N . Let z be 
an indeterminate of homogeneous degree d and let k[zM,Zi\i] —> k[z] be the algebra 
homomorphism given by £ M ha z du ^ d and ha z dn ^ d . Then, k [-] ® k p M ,*N]( MoN ) is an 
affinization of MoN. 

Proof. By the condition, MoN is simple. Condition (a) in Definition 2.2 is obvious. 
Condition (b) follows from pJ M oN = (P*|m) ° (Pi In)- □ 

Proposition 2.17. Let M and M be as in (2.3) wea k. Assume that M is real. We 
normalize -R^m 1 so that it induces idjp 0 M after the specialization zu ° idM = idM °zu = 
0. Then, we have 

(i) (#m ot m - id Mo M)(MoM) C (z M o id M - id M oz m )(MoM). 

(ii) R^oR™™ = ld MM . 

Proof, (i) To avoid possible confusions, let (N,zn) be a copy of (M,2: m ) and we regard 
as a homomorphism MoN -A NoM. We denote by i : MoN NoM the identity. 

We regard MoN and NoM as R[zm, Zi\i]-modules. Then, 7?^°™ commutes with om and 
*n, but % does not. Precisely, we have i o zu = 2; N ° * and % o = o M o %. 

By the assumption we have 

(7C,N n -<K M °N) C (z n N)oM + No(.~ m M), 

Let z be another indeterminate with the same homogeneous degree dy\, and let 

k[z M ,z N ] -A k [z\ 

be the algebra homomorphism give by Zu H > z and ha z. Then, Lemma 2.16 implies 
that K := k[o] <S)k[z M , 2 N](M 0 N) is an affinization of MoM. The homomorphisms Rff™ 
and i induce 72[z]-linear endomorphisms R' and i' of K. By Lemma 2.7 (i), R' and i' 
are powers of z up to a constant multiple. Since they are u\m 0 m after the specialization 
z = 0, we conclude that R' = i ', which completes the proof. 

(ii) The assertion follows from Lemma 2.15 immediately. □ 
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Example 2.18. Let i G I. Let P(i n ) be a projective cover of the simple module 
L(i) on . Then P(i n ) is an /?,(na,;)-module generated by an element u of degree 0 with 
the defining relation r k u = 0 (1 < k < n). Let e k (xi ,..., x n ) be the elementary 
symmetric function of degree k. The center of R(ncti ) is equal to \t[e k {xi ,..., x n ) \ k = 
1,..., n] = k[xi,..., x n ] 6ri . Then we have 

n 

L{i) on ~ P(i n )/R(naLi)e k {x i,..., x n )uj . 

k=1 

Set 

n—1 

K (i n ) := P(f n )/^^ J R(na i )e fc (a;i,... ,x n )uj, 

k =1 

and define z K(in) e END i?(nQ . ) (K(f n )) by 

ZK(i n )^ ('nix i, . . . , X n ^)U. 

Then (K(f n ), ZK(uq) is a strong affinization of L(i)° n . Note that Pj|k(v*) = zk( up. The 
homogeneous degree of z K (^) is n(aj,cq). 

3. Root modules 

In this section, we shall review results of McNamara ([16]) and Brundan-Kleshchev- 
McNamara ([2]). Throughout this section, we assume that the Cartan matrix A is 
of finite type. Fix a reduced expression tc 0 = ... ri N of the longest element 

Wq G W. This expression gives a convex total order -< on the set of positive roots: 
a. n -< r^cVi 2 -<■■■-< r ix ■ ■ ■r iN _ l ai N . To each positive root f3 G $+, McNamara defined 
a simple P(/3)-module L((3), which he called the cuspidal module ([15, 16]). 

Lemma 3.1 ([16, Lem. 3.4]). For any f3 G Q+, L{/3 ) is a real simple module. 

Lemma 3.2 ([2, Lem. 3.2]). For n > 0, there exist unique (up to isomorphism ) R((3)- 
modules A n (/3) with A 0 (/3) = 0 such that there are short exact sequences 

0 —A qf n - 1] L(P) A n (/ 3) -^A A n _M -A 0, 

0 —> g^A n _i(/3) -A-a A n (/3) -^-A £(/3) —> 0 forn> 1, 

where q@ = q(P’P')/ 2 . Moreover, 

(>) [ a „(/ j )] = 'Fftimi 

(ii) A n (/3) is a cyclic module with simple head isomorphic to L{/3 ) and socle isomor¬ 
phic to q 2 p n ~ 1 ' 1 L(/3), 
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(iii) for n > 1, we have 

ex 4 ( w ( a n (p), m) ^{f nk Ihl’ 

Define the root module 

A(f3) := lim A n (/3). 

n 

Theorem 3.3 ([2, Th. 3.3]). There is a short exact sequence 

0 -4 qj A(/3) ^ A(P) —► Ufi) -4 0. 

Moreover, 

(i) A(f3) is a cyclic module with [A(/3)] = [L(j3)\/( 1 — qp), 

(ii) L(/3) is the head of A(/3), 

(iii) End r(/3) (A (/3)) ~ k[zf}\. 

Corollary 3.4 ([2, Cor. 3.5]). Any finitely generated graded R(/3)-module with all 
simple subquotients isomorphic to L(/3 ) (up to a grading shift ) is a finite direct sum of 
grade-shifted copies of the indecomposable modules A n (/3) (n > 1) and A (/3). 

Proposition 3.5. For any f3 G $+, (A ((3),zp) is a strong affinization of L(f3). 

Proof. We can easily check that conditions (a) and (c) in Definition 2.2 are satisfied. 

We shall show (b) by induction on ht(/3). If (3 is a simple root, then (b) is obvious. 
Assume that ht(/3) > 1. Then, by [2, Lemma 4.9, Theorem 4.10], there exist a, 7 G < L + 
such that a + 7 = ft and there exists an exact sequence 

0 —> q^ < ' a ’^A(j)oA(a) A(a)oA( 7 ) —>■ [1 + p\A(/3) —>• 0. 

Here p is some non-negative integer and [1 +p\ is the g-integer with respect to the short 
root. Moreover ip is given by 

(3.1) tp(u®v) = T w [ mjn] (v®u) 

for any u G A(q) and v G A(o). Here m = ht(a) and n = ht( 7 ). 

By the induction hypothesis, (A(a), z a ) and (A( 7 ), zfi) are afknizations. By (3.1), we 
see that tp commutes with z a and z T Then (p = a(z a , z^R 1 ^™ a(q) f° r some a (z a , zfi) G 
k [z a ,z 7 ] by Proposition 2.12. 

Note that pj A (a)oA( 7 ) = (piU(a)) 0 (pil a( 7 )) j and pj A («) = c x z^ and pJa( 7 ) = c 2 z s j for 
ci,c 2 G k x and si,s 2 G Z> 0 . Hence, if (b) failed, then (z a zY) s |a(/ 3 ) = 0 for some s > 0. 
Then we have 


(z a z 7 ) s A(«)oA( 7 ) C Im(y>) C Im(i2^A( a) ). 
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Let us take f(z a ,z 7 ) G k [z a ,zfi such that R n ^,A{o) R T{a)A(-y) = /( z «.h) id A(«)OA( 7 ). 
Then we have 

(z a zp) s lm(RA(a)A('y)) C /(^,- 7 ) A (7) oA (a)- 

By Lemma 2.15, we have f(z a , 0) ^ 0 and /(0, zfi) 0, which implies 

Therefore f(z m is well defined, which implies that / is an invertible 

element of k. Hence F A )™ a( 7 ) ds an isomorphism. Then L(a) 0 / 7 ( 7 ) i s simple, which 
is a contradiction. □ 


Note that [L(/3)\ G [F-grnod] ~ H,j(g + ) coincides with the dual PBW vector E*(/3) G 
A q (g + ). It is known that {E*(m±,... ,mN)}( mi ....,m N )ez N i s a basis of H g (g + ), which is 
called the dual PBW basis. Here, we set 

mi(mi-l)/2 j-r*/ 


E*(mi, ...,m N ):= (q^^E*^) ■ ■ ■ (. 


m N (m N -l)/2 


E*(/3 N ) mN 


with fdk := r,;, • • • Ti k _ 1 a lh and = qL j -f J )/‘ 2 (/c = 1 ,..., IV). On the other hand, E(/3) = 

E* (/^) 

. ^ ^ . is called the PBW vector and 

(E*((3),E*(/3)) 

is the basis of f/ A (g) called the PBW basis. Here E (/d)^ 71 ) — with i G / such 

[777.J j! 

that (/3,/3) = (cu,cu). Note that the PBW basis and the dual PBW basis are dual to 
each other. 


4. The duality functor 

4.1. Duality data. Let R be the quiver Hecke algebra associated with a generalized 
Cartan matrix A and polynomials Qij(u,v). 

Definition 4.1. Let J be a finite index set. We say that V = {/3j, Mj, Zj, iq, R j,k}j,keJ 
is a duality datum if fij G Q+ \ {0}, Mj G Mod g r(R(/3j)) and homogeneous homomor- 
phisms 

Zj e end m) {M s ), r, g End ^(Mj o Mj), 

R j,k e HOM_R( i g i+( g Ji ) (Mj O Mfc, M k O Mj) for j,k G J 
satisfy the following conditions: 

(FM) For j G J, deg Zj G 2Z >0 . In addition, Mj is a finitely generated free module 
over the polynomial ring k[z j\. 
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(J r -2) For j G J , we have r j G End ^( 2 /3 o Mf)- degz^ and 

R ,, = { Z j° M j - M j OZ j) r .i + id-MjoMj ■ 

(J r -3) For k,l G J, 

(a) {zioM k ) R k .i = R k ,i(M k ozi) in HoM fl(ft+A) (M fc oMi, M t oM k ), 

(b) (Mi oz fc ) = Ry (zfcoMi) in HoM R (^ fc+ ^)(M fc oM/, M/oM fc ). 

(J r -4) There exist polynomials Qfi(u,v) G k[n,u] (k,l G J) such that 

(a) Q^ k (u,v) = 0, and Q%j(u,v) (k ^ l) is of the form 

tk,l,p,qU P V q , 

deg R fe ,i +deg R; , fc -p deg z fc -q deg z;=0 

where t k j- (degR^j+degRj^/degZfc.O ^ k ? 

( b ) QZi^ v ) = QHk( v , u ), 

( r \ R R _ / 1 if k = l, 

[ ) l,k k ’ 1 1 Qg,(z*oM { ,M fc ozO i/M*- 

(J r -5) For any j, k,l G J, 

(Rfc,i° Mj)(M k o Rj,z)(Rj-fco M t ) = (Mi o R jifc )(R j)t o M k )(Mjo R M ) 

holds in HOM R(ft . +Ai+A )(M,- o M fc o M z , Mi oM k o M,-). 

For simplicity, we write shortly {M,-, Zj, R j,k}j,keJ f° r {Pj> Mj, Zj, r v R j,k}j,keJ if there 
is no afraid of confusion. 


We now construct a Cartan datum corresponding to the duality datum T> as follows. 
Let be the simple roots. Then we define the weight lattice P D by R v = 

Q v := 0 Za®, and define a symmetric bilinear form on P D by 

JGJ 


(4.2) («?,«?) = 


deg Zj if j = fc, 

- (deg Qf tk (zj, z fc )) /2 = - (deg R jjfc + deg R kJ ) /2 otherwise. 


Dehne hff by (d) (2) in Definition 1.1. Then the corresponding generalized Cartan 


matrix A D := (af k ) jMJ is given by af k = / ^ Since e k x z. 


(off, af) 


for 


j ^ k, ~af k is a non-negative integer. Therefore, A D is a generalized Cartan matrix. 
We now dehne R v as the quiver Hecke algebra corresponding to the datum {Qf )k }j,keJ- 
We now have two different quiver Hecke algebras R and R v . To distinguish them, 
we write 


xf 5 (1 < k < ht( 7 )) and rf (1 < l < ht(y) — 1) 
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for the generators Xk (1 < k < ht( 7 )) and 77 (1 < j < ht( 7 ) — 1) of R v ( 7 ) (7 e Q+). 
The Z-grading on R v ( 7 ) is give as follows: 


deg(e(/i)) = 0 , deg(e(/i)x fc ) = deg z /lfc , deg(e(/i)r, ) = 

which is well-defined (see Definition 1.4). 

Let 7 e Q+ with m = ht( 7 ), and define 

A c ( 7 ) := © A l 


-degz w if = Ah+i> 

deg if Hi ^ H 1 + 1 , 


where 

:=m w° m w 0 for I 1 = (Hi,^ 2 ,■ ■ ■,Hm) e J 7 . 

Let 

0: Q® -A Q 

be the linear map defined by 4>(af) = fij for j G J. Then, it is clear that A® ( 7 ) is a 
left i?( 0 ( 7 ))-module. 

We define a right /?,' D ( 7 )-module structure on A v {^() as follows: 

(a) e(/i) is the projection to the component A®, 

(b) the action of xf on A® is given by Af w o • • • oM^oz^oM^ o • • • M^ m , 

(c) if pfc 7^ /ifc+i, the action of r® on A v is given by 

M »i o ’ ’ • o 0 R M fe , M fe+ i 0 M ^+ 2 

(d) if Hk = /ifc+i, the action of r® on A® is given by 




Theorem 4.2. The right R v ( 7 )-module structure on A 25 ( 7 ) is well-defined. 


Proof. Since the proof is easy and similar to the arguments in [5], we omit it. □ 

By the construction, the right /?, D ( 7 )-module action commutes with the left R(4>( 7 ))- 
module action, which means that 

A®( 7 ) has an (#( 0 ( 7 )), i? I> ( 7 ))-bimodule structure. 

We now define the functor 

3?: Mod gr ( J R 7 ? ( 7 ))-^Mod gr ( J R(0( 7 ))) 


by 


^(M) := A c ( 7 ) ®^ (7) M. 
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Set 

tT _ /T\ ryV 
o vL/ • 

76Q? 

For j E J, we shall write L v (j ) for the simple R v (af)- module R v (af)/R v (af)x f. 

Theorem 4.3. Let X? = {/3j, Mj,Zj, rj, R j,k}j,keJ be a duality datum. 

(i) The functor 

3 V : Mod gr (R v ) —> Mod gr (i?) 

is a tensor functor. 

(ii) For j G J, 

$ v (R v (af)) ~ Mj and $ D (L v (j)) ~ M,/z M. ; . 

(iii) //A 11 is of finite type, then the functor is exact. 

(iv) If a graded R v (7) -module L is finite-dimensional, then so is $ V (L). Thus, we 
have the induced functor 

: R v -grnod —» R-gmod. 

Proof. Since the proof is easy and similar to [5], we omit it. □ 

4.2. Construction of duality data from affinizations. Let J be a finite index set. 
Let {(3j, Mj, z j}j£j be a datum such that 

(a) /3j 6 Q+\ {0}, 

(b) (Mj,Zj) is an even affinization of a real simple i?(/3j)-module Mj := M ; .z ; M r 
Then we take as follows: 

(c) Rj ; fc = Furthermore, we normalize Rjj such that R y fc | Zj=Zfe=0 = id Af?oA 7 f) 

when j — k. 

Then, Proposition 2.17 implies that 

(4.3) r j := {zjoMj - M oz/) 1 (Rjj - id Mj oM y ) 

is a well-defined endomorphism of M y o M r 

Note that for any {(3j. Mj,Zj}j eJ satisfying (a) and (b), we can always choose R^’s. 
Moreover, Rjj is unique and R aA (j ^ k) is unique up to constant multiple. 

Theorem 4.4. Under the above assumptions (a), (b), (c), we have the following. 

(i) The datum V = {fi r Mj, z 3 , r j, R j,k}j,keJ is a duality datum. 

(ii) Assume that A D is of finite type. Then, we have the following. 



26 


MASAKI KASHIWARA AND EUIYONG PARK 


(a) ff D (M) is either a simple module or vanishes for any simple R v -module M. 

Moreover, if M is a real simple module and is non-zero, then $ V (M) 

is real. 

(b) Let (N,2n) is an affinization of a simple R v -module N. If$ v (N) is simple, 
then (^(N),^(zn)) an affinization of$ v (N). 

(c) Let M and N be simple R v -modules, and assume that one of them is real 
and also admits an affinization. Then $ v (MoN) is zero or isomorphic to 

(M)o$ v (N). 

Proof, (i) Let us prove that I? is a duality datum. Since axioms (J r -l)-(J r -4) are 
obvious, we only gives the proof of the braid relation (T- 5): 

(4.4) Rj/c ^ R ik ^ R/y R ij O R ik ^ Ry k 

as a morphism from M,o M,,o —>■ M(,oM,oM, for i,j,k 6 J. By the definition, we 
have = a( z i? z j)Ri,j for a non-zero polynomial a(zi,zf). The R-matrices Rm^m, 

satisfy the braid relation: 

-RMj.Mfc ° -RlVU.Mfc ° -RMj.Mj = -RMi.Mj ° -RlVIi.Mfe ° 

The calculation 

-RMj,M fe ° -RMy.Mfe ° = a{zj, z^)R j )k o a(zj, z k )R ijk o a(zj, Zj)R 

a{Zj , z^)u(zj, z^)u(zj, Zj )Rj k o Rj k o Rjj, 

and a similar calculation for R Mi M . o ° Rmj.m k show that 

a{zj, z k )a(zi, z k )a(zi, zf ( R jk o R. iA . o R ?J - R, ti o R )A . o R yfc j = 0. 

Hence we obtain (4.4). 

(ii) (a) Let us prove that $ D (M) is a simple module or zero for a simple i? r> ( 7 )-module 
M by induction on ht( 7 ). Let us assume M ~ NoL v (j) for some j € J and a simple 
R v ( 7 —aj^-module N. By the induction hypothesis, ^ V (N) is a simple module or zero. 
Let r: NoL v (j) —> L v (j)oN be a non-zero homomorphism of f?, x ’( 7 )-modules. Then 
Im(r) is isomorphic to NoL v (j). Since is exact, ^(In^r)) ~ Im(5' I ’(r)) ~ $ V (M ). 
If $ V {N) ~ 0, then $ D {M ) ~ 0. Assume that ^ V (N) is a simple module. Then 
Im(5 rI> (r)) is isomorphic to (N)o£ v (L v (j)) or 0 according that $ v (r) is non-zero 
or zero by Proposition 2.10. 

If M is real simple and M is simple, then f$ v M)o ($ V M) ~ $ V (Mo M) is simple 
and hence ff D M is real. 

Thus we obtain (ii) (a). 
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(ii) (b) Let N be a simple i? x ’( 7 )-module and set m = lit( 7 ). We put Nj = ^(N) and 
z$ = d v (z N ). Applying the functor 3 V to the exact sequence 

0 —)• N —A-a N —>N —> 0, 


we obtain the exact sequence 


l\h 




> N, 


3 V (N) 


0. 


Thus, we have an injective homogeneous endomorphism z$ of Nj and ~ 

3 V (N). Since Mj is a hnitely generated i?(/3j)-module for any j by Lemma 2.8, Ny 
is a Hnitely generated graded A-module and 3 V (N) is a finite-dimensional A-module. 
Hence, condition (a) of Definition 2.2 holds (see Remark 2.3 (i)). 

Let us show (b) of Definition 2.2. Let i G I. By Lemma 2.7 (ii), for any j G J, 
there exist dj G Z > 0 and Cj G k x such that p, ; | m, = CjZj J . Since = 

(pJm m1 )° • • • °(Pi|M Mm ) = Ilk=i c Hk( x k) d,lk ’ we obtain 

= X] (p*|M M 1 o...oM Mm ) ® N 

tiGJ-y R 

= 5^(M M o...oM Mm ) ® (ce(/i)JJ( H (^) d 0)l N 

/xE J 1 ^ j£J fcE[l,m], Hk=j 


= A 75 (7) 


7) 


( C II P ?) 


N 


with c = nLi c Mfc which does not depend on yU G J 7 . Therefore, condition (b) of 
Definition 2.2 holds. 


(ii) (c) immediately follows from (a) and the epimorphism 

$ v (M)o$ v (N) -» 3 d (MON) 

because MoN is simple. □ 


5. Examples 

Let g be a Kac-Moody Lie algebra associated with a Cartan matrix A of finite type. 
Suppose that 

(a) {{3j}j£j is a family of elements of Q + , which is linearly independent 

in Q, 

(b) f3j — /3k ^ $ for any j, k G J, where <3> is the set of roots of g. 


(5.1) 
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Let g be the Lie subalgebra of g generated by the root vectors of weight / 3j and —/3j 
(cf. [17, Tli. 1.1]). Then g is a Kac-Moody Lie algebra associated to 

(5.2) A . with ctj k . 2(/3j,/5fc)/(/3j,). 

We have an injective algebra homomorphism 

(5.3) [/-(g) >-»- U~(q). 

Choosing a convex order of the set <3> + of positive roots, let (A (/3j), z j) be the affiniza- 
tion of L(/3j ) given in Proposition 3.5. Then, we have the duality datum 

77 := {A.((3j), Zj, 

Let q v be the Kac-Moody Lie algebra associated with A D . Suppose that A D is of finite 
type. Then, the functor is exact, and gives a Z[q ,±1 ]-algebra homomorphism: 

[P^-gmod] —> [P.-gmod] 

which gives the Z[q ,±1//2 ]-algebra homomorphism (see Corollary 1.6): 

(5.4) J 4q((g X> ) + )c ->• %[q ±1/2 } ® Z[ g±i] 4,(fl + ). 

sending fj to the dual PBW generator E*(/3j ) corresponding to [A(/3j)]. Here c is the 
bilinear form on Q v given by c (af, af) = ^(deg R/ CJ - — deg Rj,k)- 

By applying the exact functor Q(g 1//2 ) < 8 >q[ 5 ±i/ 2 ] • to (5.4), we obtain a Q(g 1//2 )-algebra 
homomorphism 

(5.5) U-( t v ) c —► Qfq 1 ' 2 ) 0 U-( B ). 

Qfa) 

Set cp := (E*((3), E*(/3))- 1 . Then E(/3) = cpE*((3 ) is the PBW vector corresponding 
to f3 E <3> + . Let 0 be the algebra automorphism of U~(q d ) c sending f 3 to cpjj. Then 
the composition 

U~(b\ U-( e \ — Q(<A 2 ) ® Q(t) £/-((,) 

sends fj to E(/3j). Since deg^M = (PjiPj) by Theorem 3.3, the above homomorphism 
sends the divided power f^ m> to the divided power E{f3j)^ rn \ Moreover, the /j m bs 
generate the A-algebra U^(q v ) c , and the E(f3j )( m ^s are contained in U^(g). Hence we 
obtain the algebra homomorphism 

(5.6) C5 a (8 d )c-+Q[ 9 ±1/2 1 ® t/ A (0l 

Q[g±!] 

Taking the classical limit q 1/72 = 1, we obtain the induced algebra homomorphism 
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sending fj to the root vector corresponding to —f5j for j G J. 
Proposition 5.1. If A v = A, then the morphism induced, by 


[/T^-gmod] —>■ [-R-grnod] 


is injective. In particular sends the simple R v -modules to simple R-modules. 


In such a case, the functor categorihes the homomorphism (5.3). 

Proof. By the condition, we have U~(q v ) — U~(q). Hence the map (5.7) is injective, 
which implies that (5.6) is injective. Hence (5.5) as well as (5.4) is injective. □ 


Let us give several examples of such duality data. 

Example 5.2. Let / = {1,2,..., and A the Cartan matrix of type Ai. Hence 
(cp,aj) = 2 5(i = j ) — <5(|i — j | = 1) for i,j G I. Let R be the quiver Hecke algebra 
associated with A and the parameter Qij(u,v ) defined as follows: for i,j G / with 

* < j, 



Let J = {1, 2,... ,£} and /3 i := an + o? 2 , /3j '■= Qtj for j G J\ {1}. Note that the /3/s 
do not satisfy condition (5.1) (b). We put 


A(/3 1 ):=L(1,2) Z1 , A(/3j) := L(j) Zj (j G J \ {1}), 

where L(l, 2 ) := kn is the 1 -dimensional /?,(//-module with the actions 
e{v)v = ^,( 1 , 2 )^, xpv = x 2 v = T\v = 0 for v G J" 1+ " 2 . 


Note that deg(zj) = 2 for j G J and the A(/3/’s are root modules. We set R h k = 
7?/°™) A(d k )- By direct computations, the R- matrix i?A(^),A(/ 3 fc ) (j / k) is given as 


follows: for u®»G A(/3/ < 8 ) A (//,), 


/ 


(t2Ti(z 2 -Zi)+Ti)(u0u) 


if j = 1 and k = 2 , 
if j = 1 and k > 2, 
if j = 2 and k — 1 , 
if j > 2 and k — 1 , 
otherwise, 


t 2 Ti(u 0 n) 


R/\{p j )A{P k )( u ® v ) = t it 2 (zi - z 2 )(n 0 w) 


rir 2 (n 0 n) 
k ri (n 0 w) 


which yields 



(zi - z 2 ) 1 RA(l3 j )AlPk) 
R^iPj)A(Pk) 


if j = 2 and fc = 1 , 
otherwise, 
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and 


deg(R j,k) 


1 if | j -k | = 1 and (j, k ) ± (2,1), 
1 (j, k) = (1, 3), (3,1), 

-1 if {j, k) — (2,1), 

0 otherwise. 


Thus, we have 


/ 

2 

0 

-1 

0 

... o 

° \ 


0 

2 

-1 

0 

... o 

0 


-1 

-1 

2 

-1 

... o 

0 


0 

0 

-1 

2 

... o 

0 


0 

0 

0 

0 

••• 2 

-1 

V 

0 

0 

0 

0 

... _i 

2 / 


which is of type Di, i.e., the quiver Hecke algebra R D is of type D e . Note that 
deg(e(l, 2)t®) = 1 and deg(e(2,1 )rf) = —1 (see Definition 1.4). By Theorem 4.4, 
we have a functor $ T> between quiver Hecke algebras of type D£ and Ag such that 


$ v (L v (j)) ~ HPj) for j € J. 


Let us consider the module L r> (l,3) := L v (l)oL v (3) and the one-dimensional 
i?-modulc L(l,2,3) := L(l,2)oL(3). Applying the functor to the exact sequence 


0 ->• L v ( 1,3) ->• L v (3)oL u (l) -A- L u {l)oL u {?>) -A L'"(l,3) -A 0, 


D/ 


-V 


V/ 


-D / 


-V / 


we have 


0 -A $ d (L v (1, 3)) -A L(3) oL(l, 2) —?• L(l, 2) oL(3) -A $ V (L D (1, 3)) -A 0. 

Since sends a simple module to a simple module or zero by Theorem 4.4 and 
L(3)oL(l,2) is not isomorphic to L(l,2)oL(3), we have 

^(L®(1,3))~L(1,2,3). 

Set ^(1,3,2) ~ L v (l,3)oL v (2), which is one-dimensional. It is isomorphic to the 
image of the composition of 


L v (1)oL v (3)oL d (2) —> L v (l)oL v (2)oL v (3) 


L v (2)oL v (l)oL v (3) 

—> L v (2) oL v (l, 3). 
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By applying we obtain the diagram 

(5.8) L(l,2)oL(3)oL(2) L(l, 2) oL(2)oL(3) —^ L(2) oL(l, 2)oL(3) 

v /3 

L(2)oL(l,2,3). 

Hence 3, 2)) is isomorphic to the image of / 3 / 2 / 1 . Let Wi^, M 2 , and M 3 be the 

generator of L(l,2), L( 2) and L(3), respectively. Then we have 

fl(ui t 2 ®U 3 ®U 2 ) = T 3 (u l} 2 ®U 2 ®U 3 ), 

/ 2 (Mi,2® U 2 ®U 3 ) = Ti(u 2 ®U h 2 ®U 3 ). 

Therefore, we obtain 

f 2 h{ui )2 ®U 3 ®U 2 ) = T 3 Ti(m2<£>Mi,2<£>M 3 ) = TiT 3 (w2<8>Wi, 2 <£>U3), 
which is killed by / 3 . Thus / 3 / 2/1 = 0, and hence we conclude 

^(L®(1,3,2))~0. 

Therefore, can send simple modules to zero in this example. 

6. Further examples for non-symmetric types 

Let /? G Q+ and let (M,£m) be an affinization of a real simple /?,(/3)-module M. We 
set J = {0}, (3q = P, M 0 = M. Then 

V = {M (h z M ,R n ^} 

is a duality datum. Then the corresponding simple root off satisfies (off, a = degOM- 
Let (K(0 n ), zk(o")) be the affinization of the simple i? x> (no;J , )-module L(af)° n given 
in Example 2.18. 

Now M on := Mo ■■■oM has a structure of (R(n/3), R v (naff))- bimodule. We set 

n times 

C n (M) = M on <8) K(0 n ) ~^(K(0 n )). 

R D {na g) 

Then z K (o") £ END(K(0 n )) induces an endomorphism zc„(m) £ END(C„(M)) rideg ~ M . By 
Theorem 4.4 (ii) (b), we obtain the following lemma. 

Lemma 6.1. (C„(M), zc„(m)) is an affinization of the real simple module M° n . 
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For example, 

MoM 

^ 6 ' 1 ' 1 + Mo 2m )(MoM) + r(MoM)’ 

where r is the endomorphism given in (4.3). Zc 2 (M) is the endomorphism induced by 
z M °z M . 


Let M G .R(/3)-gmod and N G i?(/3')-gmod be real simple modules. Suppose that 
R{/3) and R((3') are symmetric, and 


pnorm pnorm 
% z /,M t % t ,iV z / 


c(t - z) p G End R (p + p){M t o N z >) 


for some c G k x and p G Z> 0 . Set 


Ri ■= (RmZn,oI)(1oR^n zI ) e HoM W/3 p(M tl oM t2 oiV z ,, 7V Z ,oM tl oM t2 ), 

i? 2 := (lo^; m Mt2 )WJXol) G HOM W/3 p(fV z ,oM tl oM t2 ,M tl oM t2 oiV z 0. 

Setting ti +1 2 = 0 and tit 2 = z : = zc 2 (m), w e regard i?i and i? 2 as homomorphisms in 
HOM#( 2/ g +i g/) (C 2 (M z ) o Af z /, N z > oC 2 (M z )) and Hom^( 2 ^ + £/)(W'°C 2 (M Z ), C 2 (M Z ) oiV z /), 
respectively. Then, we have 


( 6 . 2 ) 


R 2 R 1 = c 2 (t 1 -z'nt 2 -z'y 

= c 2 ( tl t 2 - ( tl + t 2 )z + Z /2 ) P 
= c 2 (z + z /2 ) p 


in End R(2 ^ +/ 3 /)(C 2 (M z )oiV z /). 

Using (6.2), one can construct functors between symmetric and non-symmetric 
quiver Hecke algebras. In particular, the functor from type Cf (resp. C^\ A^-i) t° 
type At (resp. At+ 1 , Dt+i) can be constructed. We give such constructions in the 
following examples. 


Example 6.2. We take /, A, and Qij(u,v ) given in Example 5.2. In particular, g is 
of type A t . 

Let J — {1, 2,..., £} and 

/?i = 2«i, (3j = aj for j G J \ {1}. 

Let us denote 

M 1= K(1 2 ), M, = L(j) Zj O' G J\{1}), 
and zi := Zk(i 2 )- Then degZ} = 4 and degz^ = 2 for j ^ 1. Note that 

pnorm _ p 

K L(j) z ,L (*)w “ K 


'L(j) z Mk)» ’ 
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We put R j'k := It follows from (6.2) that, for j,k G J with j < k, 


(6.3) 


R k,j R/./' 


{ Zi o 1 -f 1 O Z 2 
Zj-ol-lo Zfc 


if (. i,k) = ( 1 , 2 ), 

if k = j + 1 and (j, k) ^ (1, 2), 
otherwise. 


We now set 

TD { M y. Zj. R j,kfj,kGJ- 


Then V is a dual datum, and (6.3) implies that 


/ 

2 

-1 

0 

... 0 

° \ 


-2 

2 

-1 

... 0 

0 


0 

-1 

2 

... 0 

0 


0 

0 

0 

••• 2 

-1 

V 

0 

0 

0 

... _i 

2 ) 


which is of type Cg. Therefore, we have the quiver Hecke algebra R v of type Cg and 
the functor from the category of modules over quiver Hecke algebras of type Cg to 
that of type A t sending 




L(l)oL(l) if j = 1, 
L(j ) otherwise. 


We conjecture that $ T> sends simple to simple. 


We make the following examples for type Bg by constructing affinizations directly. 
Example 6.3. Let / = {1, 2,..., £} and A the Cartan matrix of type Bg. 


( 

2 

-2 

0 

... 0 

° \ 


-1 

2 

-1 

... 0 

0 


0 

-1 

2 

... 0 

0 


0 

0 

0 

••• 2 

-1 

\ 

0 

0 

0 

... _i 

2 / 


and (cu, atj) = 25(i = j = 1) + 4 5(i — j ^ 1) — 25{\i — j\ = 1) for i,j e /. 
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Let R be the quiver Hecke algebra associated with A and the parameter Qij(u,v ) 
defined as follows: for i, j e / such that i < j, 


( u 2 -v if (i,j) = (1,2), 

Qij(u,v) = < u-v if j = i + 1 and (i, j) A (1,2), 
^ 1 otherwise. 

Let J = {1, 2, 1} and 


A — »1 + «2; A — a i + l (j J \ {!})• 

Note that (A, A) — 2 and (A, A) = 4 f° r 3 7^ 1- We put 


A(A) = L(1,2) Z1 , A (A) = L(J + l) z . (j A 1), 

where the /?,(A)-rnodule L(l,2) Zl := kfzxju is defined by 

e(A^ = A, (i, 2 )U, ^ = zf* i,oy)/2 v, Tiu = 0. 

Note that A(A)’ S are ro °t modules and deg(z^) is 2 or 4 according that j = 1 or not. 
For j, k G J with j ^ k, we define 


R . j,k G Hom i? ( /9j . +/9fc )(A(A) ° A(A), A(A-) ° A (A)), 


that is, 


{ P2ri(g®A if J = 1, 

TiT 2 (q®p) iffc = l, 

T\(q®p) otherwise 


for p <g) q G A(A) A(A)- F° r iA G J with j < &, we have 


RfcjRyfc 


Zj-Zfc if (jA) = (1,2), 

Zj - Z fc if fc = j + 1 and (j, k) ^ (1, 2), 
1 otherwise. 


Then we have the duality datum T> = {A(/3. 


3 )i J 




j,keJ 


and 


/ 

2 

-2 

0 

... o 

° \ 


-1 

2 

-1 

... o 

0 


0 

-1 

2 

... o 

0 


0 

0 

0 

••• 2 

-1 

V 

0 

0 

0 

... _i 

2 ) 
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which is of type Therefore, we have the functor from the category of modules 

over quiver Hecke algebra of type to that of type Be sending 


r{L v {j)) ~ 


L( 1 , 2 ) = 

L(j + 1) otherwise, 


where L(l,2) = L(l, 2) Zl /ziL(l, 2) Zl . 

It is easy to check that {/3 1 ,..., fie-i} satisfies (5.1) and A r is equal to the matrix 
A defined by (5.2). Thus, Proposition 5.1 implies that the functor categories the 
injective homomorphism U~(q v ) ~ f/ _ (g) —» U~(g) and sends the simple modules 
to simple modules. By Theorem 4.4, for a simple P D -module N, 


d v (N0L v (j)) ~ 


3 V (N)0L( 1,2) if j = 1, 
$ v (N)oL(j + 1) otherwise. 


Example 6.4. We use the same notations /, A, and Qij(u,v) as in Example 6.3. 

Let J = {1, 2, 1} and 

j3\ = 2a\ + «2, Pj = cxj +1 (j E J \ {1}). 

Note that (fy, (3j) = 4 for all j E J. We define an R{fi\ )-module structure on 
L(l, 1, 2) Zl := k[zi] © k (kw © ku) by 


e(u)(a © it) = 5^(1,i i2 )0 © it, 

—zia © v if j — 1, 


e(z/)(a © v) = ^( 1 , 1 , 2 )a © w, 

—a © tt if j = 1, 


Xj(a © u) = <{ zia © v if j = 2, Xj(a © u) = ^ a © u if j = 2, 
zia © u otherwise, 

a © v if k — 1, 


zia © v otherwise, 

r fc (a © M ) = | q ^ " ii 'k ^ 1 Tk ( a ® U ) = 0 for any 

We put 

A(ft) = L(l, 1, 2) Z1 , A(&) = L(j + l) z . (j + 1). 

Note that A(/3j)’s are root modules and deg(zj) = 4 for j E J. For j,k E J with j ^ k 
and p © q E A (f3j) © k A (/3k), we define 

R j,k ■= RA{^),A(i3 k ) e Hom^+^Afo) O A(/3 fc ), A(/3 fc ) o A(/3,-)). 

Then, 




— ) "-3 


Z, - Z fc if k = .7 + 1, 

otherwise, 


for j,k E J with j < k. 
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Then, we have a duality datum V = {A(/3j),Zj, R j,k}j,keJ and 


/ 

2 

-1 

0 

... o 

° \ 


-1 

2 

-1 

... o 

0 


0 

-1 

2 

... o 

0 


0 

0 

0 

••• 2 

-1 

V 

0 

0 

0 

... _i 

2 / 


is of type Ag_ i. Therefore, we have the quiver Hecke algebra R v of type Ag_\ and the 
functor between quiver Hecke algebras of type A^_\ and B Moreover, 


Z V (L V (j)) * 


L{ 1,1,2) if .7 = 1, 

L(j + 1) otherwise, 


where L(l, 1, 2) = L(l, 1, 2) Zl /ziL(l, 1, 2) Zl . 

One can easily show that {/3i,..., fy- 1 } satisfies (5.1) and A D is equal to the matrix 
A defined by (5.2). Thus, Proposition 5.1 implies that the functor categorifies the 
injective homomorphism U~(q) —>■ U~(g) and $' D preserves simple modules. We have 


d v (N0L v (j)) ~ 


d v (N)0L( 1,1,2) if i = 1, 
$ D (N)oL(j + 1) otherwise, 


for a simple P^-module N by Theorem 4.4. 
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